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Abstract 



We solve the Killing spinor equations for all near-horizon IIB geometries which 
^ [ preserve at least one super symmetry. We show that generic horizon sections are 

8-dimensional almost Hermitian spiuc manifolds. Special cases include horizon sec- 
tions with a Spin{7) structure and those for which the Killing spinor is pure. We 
also explain how the common sector horizons and the horizons with only 5-form flux 
are included in our general analysis. We investigate several special cases mainly fo- 
cusing on the horizons with constant scalars admitting a pure Killing spinor and 
find that some of these exhibit a generalization of the 2-SCYT condition that arises 
in the horizons with 5-form fluxes only. We use this to construct new examples of 
near-horizon geometries with both 3-form and 5-form fluxes. 



1 Introduction 

In understanding the physics of black holes and branes, and in AdS/CFT, horizons have 
played a central role. In most applications, the horizons are Killing^, and in the extreme 
case can be investigated in a unified way because there is a local model for the near-horizon 
fields [1, 2]. Typically, some additional assumptions are made depending on the problem. 
The most common assumption is that the metric and all the other form field strengths^ 
are taken to be smooth. This assumption includes many black hole horizons, as well as 
the horizons of some branes, like the D3-, M2- and M5-branes. Therefore it is expected 
that a systematic understanding of all near-horizon geometries will have applications in 
AdS/CFT [3] as well as in the construction of IIB back hole solutions which exhibit 
horizons with exotic topology and geometry, see e.g. [4]- [16] for earlier related works. 

In this paper, we solve the Killing spinor equations (KSEs) of IIB supergravity for 
all near-horizon geometries preserving at least one supersymmetry and determine the 
geometry of the horizon sections. This extends the results on M-horizons [17] and heterotic 
horizons [18] to IIB supergravity. In the investigation of the KSEs for IIB horizons three 
cases^ arise depending on the choice of Killing spinor (i) the generic horizons, (ii) the 
Spin{7) horizons and (iii) the pure SU{A) horizons. We find that the sections S of 
generic near-horizon geometries are 8-dimensional almost Hermitian spiuc manifolds, and 
the sections of the Spin{7) horizons admit a Spin{7) structure. The sections of the 
pure SU{4) horizons, which admit a pure Killing spinor, are again 8-dimensional almost 
Hermitian spiUc manifolds. In all the above cases, we also examine the implications on 
the topology and geometry of horizon sections depending on whether the IIB scalars 
take values in the hyperbolic upper half-plane or the hyperbolic upper half-plane after an 
SL{2, Z) U-duality identification. 

We further investigate near-horizon geometries with constant scalars. The structure 
group of horizon sections both for generic and pure SU{4) horizons reduces further to a 
subgroup of SU{4). Therefore in these two cases, the near-horizon sections are almost 
Hermitian spiUc manifolds with an SU{4) structure. In all IIB horizons without further 
restrictions on the fields, the KSEs do not impose additional restrictions^ on the geometry 
of the horizon sections. We also explore several examples mostly focusing on the pure 
SU{4) horizons with constant scalars. In the complex case, we find a deformation of the 
2-SKT condition, ddu'^ = 0, of horizons with only 5-form fiuxes [20] with the addition of 
a source term which depends on the 3-form fiuxes. We use this to give new examples of 
horizons with 3- and 5-form fiuxes. We also describe how the horizons with only 5-form 
flux and the horizons of the common sector arise as special cases of our IIB horizons. 

To prove the above results, we first demonstrate that the KSEs are integrable along the 



^This means that they admit a tim.e Kilhng vector field which becomes null at a spacetime hyper- 
surface. 

^Non-smooth near-horizon geometries can also be investigated in the special case for which there exists 
a frame in which the metric is smooth. This class includes all branes. In this case, one works in a frame 
with respect to which the metric is smooth, and allow singularities in the other fields, such as the scalars 
of the theory. If all fields are smooth, the choice of frame is not essential. 

^This is similar to the three cases that arise in the solution of the KSEs for IIB backgrounds preserving 
one supersymmetry in [19]. 

^Of course to find solutions, one has to impose in addition the Bianchi identities and field equations. 



lightcone directions giving rise to a system of differential and algebraic equations on the 
horizon section S. We find using the field equations, Bianchi identities and the bilinear 
matching condition^ that this system can be considerably simplified giving rise to a parallel 
transport equation and an algebraic equation on the horizon sections associated with the 
gravitino and dilatino KSEs, respectively. These two equations are solved using spinorial 
geometry [21], and as we have already mentioned, there are three cases to consider: the 
generic horizons, the Spin{7) horizons, and the horizons with a pure Killing spinor. The 
geometry of the horizon sections is next investigated by computing the Killing spinor 
bilinears, and in particular those which are associated with nowhere vanishing forms on 
the horizon sections. In the analysis above, the compactness properties of section S have 
not been used. Because of this, the results apply to both brane and black hole horizons. 
However in the construction of examples, like those associated with the deformation of 
the 2-SKT condition, we take S to be compact without boundary as expected for black 
hole horizon sections. 

This paper has been organized as follows. In section 2, we state the near-horizon met- 
ric and the form fluxes of IIB supergravity and decompose the field equations and Bianchi 
identities along the lightcone and horizon section S directions. Moreover we derive which 
equations are independent. In section 3, we integrate the KSEs along the lightcone direc- 
tions and use the field equations, Bianchi identities and the bilinear matching condition to 
derive the independent KSEs. In section 4, we solve the independent KSEs using spino- 
rial geometry and express the fluxes in terms of the geometry. Moreover, we derive the 
geometry of the horizon section and describe some aspects of their topology. In section 
5, we explain how the horizons with only 5-form flux and those of the common sector are 
included as special cases in our analysis. In section 6, we explore the geometry of horizon 
sections admitting a pure Killing spinor and demonstrate that in the complex case the 
2-SKT conditions of 5-form horizons is deformed with the 3-form fluxes. In section 7, 
we state our conclusions, and in appendix A we give the solution of the linear system 
associated with IIB horizons. 

2 Fields and dynamics near a horizon 

2.1 Fields and KSEs 

To describe the form field strengths of IIB supergravity, consider the complex line bundle 
A over the spacetime. This is the pull-back of the canonical bundle of either the coset 
space H = SU{1, l)/f/(l) or after a U-duality identification of 5*^(2, M)\EI with respect 
to the dilaton and axion, the two scalar fields of the theory. H is identified with the 
hyperbolic upper half-plane which is a manifold and S'L(2,M)\lIi is identified with the 
fundamental domain of the moduli space of complex structures of a 2-torus which is an 
orbifold. 

The field strengths of the bosonic fields of IIB supergravity are a A^-valued complex 
1-form P, a A-valued complex 3-form G and a self-dual 5-form F. P, G and F are the 



^The bilinear matching condition is the identification of the stationary Killing vector field of a black 
hole with the Killing spinor vector bilinear. 



field strengths of two scalars, two 2-forni gauge potentials and a 4-form gauge potential, 
respectively. Assuming that the horizons under investigation are killing horizons, and 
under some regularity assumptions, the IIB fields in the extreme near-horizon limit can 
be expressed as 

ds"^ = 2e+e~ + %e*e^' = 2du{dr + rh - -r^Adu) + -fijdy^dy^ , (2.1) 

F = re+ A X + e+ A e" A r + ^8^ , (2.2) 

G = re+ A L + e+ A e" A $ + iJ , (2.3) 

P = ^, (2.4) 
where we have introduced the frame 

e+ = du, e~ = dr + rh r'^Adu, e* = e\dy^ , (2.5) 

and used the self-duality^ of F, 

P _ -'^ , N^N^N-iN^N.^ P Icy c\ 

^ MiM2M3M4,M5 — —-^^MiM2M3M4,M5 ^ N1N2N3N4N5 , l^-OJ 



which also requires that 



X = -^sX . (2.7) 



IIB supergravity also admits a U{1) connection of A, denoted by Q. Upon restriction to 
the near-horizon geometry, 

g = A , (2.8) 

where A is r,^- independent, i.e. Q+ = Q- = 0, and so A is a connection of A restricted 
to 5. 

The dependence on the coordinates u and r is explicitly given, and so h, A, X, Y, L, 
$, H, A and ^ depend only on the coordinates y^ of the horizon section S which is the 
co-dimension 2 subspace given by r = -u = 0. In particular, the scalars depend only on y, 
and ^ is a section of A^ ^ A^{S), where we have restricted^ A to S. Similarly, L, $ and 
H are sections of A §>> A^(5), A ® A^(iS) and A A^(iS), respectively, and X and Y are 
sections of A'^{S) and A'^(iS), respectively. Observe that l^ = ^ is the horizon timelike 
Killing vector which becomes null at r = 0. The derivation of (2.1)-(2.4) is similar to that 
of other near-horizon geometries with form fluxes and we shall not elaborate here. 



^We choose eoi23456789 = 1 and the spacetime volume form is related to that of the horizon section as 

dvol(M) = e+ Ae^ Advol(5). In particular, (•8i^)nin2«3n4n5 = ^enmananins^'^^^'^mimama- 

^Note that A is topologically trivial if it is the pull-back of a line bundle over the hyperbolic upper half- 
plane which is a contractible space. This will also be the case after an S'L(2,Z) U-duality identification 
of the IIB scalars as the j-function maps the fundamental domain homeomorphically to C, unless two 
copies are glued together to a sphere as in the case of 24 cosmic strings [25]. In both cases, A may be 
equipped with a connection with non- vanishing curvature. 



2.2 Bianchi identities and field equations 

Before proceeding to an analysis of the KSEs, it is useful to evaluate the Bianchi identities 
and the field equations of JIB supergravity [22, 23] on the near-horizon fields (2.1)-(2.4). 
First consider the Bianchi identity 

dF-lGAG = 0. (2.9) 

8 

This implies that 

X = dhY -U(!>AH -^AH) , dhY = dY ~hAY , (2.10) 



or equivalently 



di.8Y=-HAH , (2.11) 



V Yiij - --^'^ij ' ^ ^ ■* ^ ''Hi^i^i.^Hi^i^i^ , (2.12) 



where V is the Levi-Civita connection on S. Therefore X is not independent. However, 
notice that the anti-self duality condition (2.7) of X imposes an additional restriction on 
the components of the fluxes that appear in (2.10). 
Next, the Bianchi identity 

dG-iQAG + PAG = 0, (2.13) 

implies that 

L = 4$-iAA<l' + ^A$ , (2.14) 

and 

dH = iKAH-iAH. (2.15) 

So again L is not independent and can be expressed in terms of the other fluxes. 
The Bianchi identity 



implies 



and the Bianchi identity 



dP~2iQAP = 0, (2.16) 



d^ = 2tAA^, (2.17) 



dQ = -iPAP, (2.18) 



implies 

dA = -i^A^. (2.19) 

We remark that (2.9) and (2.13) imply two additional identities involving dX and dL, 
however, these are in fact implied by (2.10), (2.11), (2.14), (2.15), (2.17), (2.19). As a 
consequence, the latter are necessary and sufficient conditions imposed by the Bianchi 
identities. 

Next we turn to the bosonic field equations. Substituting the near-horizon fields into 
the 2-form gauge potentials field equations 

V^Gabc - ^Q''GABC - P^'Gabc + '^FABmN^fi''''''''' = , (2.20) 

one finds that 

V*$^ _ ,A*$^ _ ^^$^ + '^-^Y,,,,,,H'''''' = , (2.21) 

1 • • . - 2i 

(2.22) 
and 

V'Huj - ik'Huj - h'Hu, + Li, - i'Huj + '^{^sYij,,i,,,H'^''''' - 6F,,,<I>0 = . (2.23) 
Similarly, the field equation of the scalars 

V'Pa - 2iQ^Pa + ^GjViiv.iVaG'^i^^^^ = , (2.24) 



implies 



VX^ - 2^A'^^ - h'^, + ^(-6$*$, + He,e,i,H'^'''') = . (2.25) 



Note that there is no independent field equation for F because F is self-dual. 
It remains to investigate the Einstein equation 

1 1 - 

p 7-1 TTI L1L2L3L4 /-< N\N2(^ , 

J^AB — -^^ ALiL2L3L4^ B — T*-^{A ^B)NiN2 

+^9ABGN,N2mG''''''''' - 2P(aPb) = . (2.26) 

Substituting the near- horizon fields, one finds that H — component gives 

U/'K - A - 1/^2 + '^-Y,,,,,,Y'^'-'^ + ^-^%, + ^H,,,,,,H'^'-''^ = . (2.27) 



Similarly, the +i, ij and ++ components imply that 

-I {l,,,M''' - '^^'La + L,,,,H/^'' - 2¥L,e] = , (2.28 






(2.29) 



and 

(2.30) 



respectively, where R is the Ricci tensor of S. 

Not all of the above field equations are independent. In particular, on taking the 
divergence of (2.23), and making use of (2.10), (2.11), (2.14), (2.15), (2.17), (2.19), (2.23), 
(2.7), one obtains (2.22). Also, on computing the Einstein tensor of S using (2.29) and 
(2.27), and evaluating the Einstein tensor Bianchi identity, one obtains (2.28) upon making 
use of (2.10), (2.11), (2.14), (2.15), (2.17), (2.21), (2.23), (2.25). Furthermore, on taking 
the divergence of (2.28), one also obtains (2.30), after making use of (2.7) and (2.10) to 
compute d-k^ X, (2.14) to compute dL, and also (2.28) and (2.23). Hence it follows that 
(2.22), (2.28) and (2.30) are implied by the other field equations and Bianchi identities. 

3 KSEs on IIB horizons 

3.1 Lightcone integrability of KSEs 

The gravitino and dilatino KSEs of IIB supergravity [22, 23] are 



{'^ M — -Qm + -7^FmNxN2NzNa^ 1 2 ^ "je 



— ( Tm ^ ^ '^G]\j^M2Nz — '^GmnxN2^ ^ ^)C*e — 0, (3.1) 



PuT^'C * e + lG^^^^^3r^i^2^3, = . (3.2) 

For our spinor conventions see [19]. 

As in the analysis of KSEs for near-horizon geometries in other supergravity theories, 
the IIB KSEs can be integrated along the lightcone directions. In particular solving the 



— component of the gravitino KSE, one finds 






'+ ) 



(3.3) 



where 0± do not depend on r. Similarly, the solution of the + component of the gravitino 
KSE gives 



ri+ + UT+ -h.r - T7^>;^ln.n3^"^"'"' ]V- , 



(_h V'- —V -pnin2n3 V 

<P^ = V- , (3.4) 

where ri± do not depend on the u and r coordinates. Furthermore, rj^ and rj^ must also 
satisfy a number of algebraic conditions. To simplify these, we shall first identify the 
1-form associated with the stationary Killing vector field V = du oi horizons with the 
1-form Z constructed as a Killing spinor bilinear. 

3.1.1 Vector bilinear matching condition 

The 1-form Killing spinor bilinear® is 

Z = {BiCe*r, r^e) e^ = (Foe, T^e) e^ , (3.5) 

where e is a Killing spinor and (■, ■) is the standard Hermitian inner product, see [19]. We 
require that Z should be proportional to V, where 

V = — r^Ae+ + e^ . (3.6) 

First, evaluate Z at r = -u = 0, for which e = ri^ + ri_. Requiring that Z^ = Oatr = u = 
forces 

ri^ = . (3.7) 

Then, using r, u independent Spin{8) gauge transformations of the type considered in 
[19], one can, without loss of generality, take 

V+=P + 961234 , (3.8) 



^There are other A-valued 1-form bilinears which can be constructed from the Kihing spinor e. How- 
ever, these cannot be identified with V as they are twisted 1-forms and gcnericahy are not associated 
with a Kilhng vector. 



for p, g complex valued functions. Furthermore, on computing the component Z_, one 
finds that |pp + Iq'P must be a (non-zero) constant, or equivalently, 

(77+,?7+) = const. (3.9) 

Next, evaluate Zj at r 7^ 0. As this component must vanish, one finds the condition 

(br + \q?)K + \{pq^c. + Pq^c.) + H\p? - \q?)yc.p^ 

-\{pqHj+pqHj) + le«^^^^^3(p2^/3,fe& + ^2^fefefe) ^ g , (3.10) 

where the 8-dimensional indices are split as i = (a, a). 
It will be convenient to define 

Then the condition (3.10) implies that one can write 



with 



r+ = g/i"e„ - -p {fx^) e^-"^"^"^e,,,,«3 , (3.12) 

o 



2 + |g|V = ^((g)'$°-p'<i'°)+v^wV'"/ 



+ \q\')Y,,,.,.^^"'''''' + -^{{q)'H%^-pm%^) 



+ ^{-pqH^,,,,,+pqH,,,,^^)e^^>^->^'^'^. (3.13) 



Also, noting that 



A = -2r-2|t , (3.14) 



one finds 



so A > 0, as expected. 



3.1.2 Algebraic conditions 



4<5«^-/i" (/i^) , (3.15) 



Returning to the solution of the + and — components of the gravitino KSE, the Killing 
spinor e can be written in terms of rj^, r+ as 

e = ?7+ + rr_r_|_ . (3.16) 



Moreover, one also finds the algebraic conditions 

+ ( - \^^^' + ^i?.,...3r'^'^'^) C * r+ = (3.17) 

and 

(A/i, - 9,A)r^^+ + ( - \dh,,r^ + ±x,,,,,3,,r^^^^^^^^^)r+ + \u,r^c * r+ = o . 

(3.18) 
This completes the integration of the gravitino KSEs along the light-cone directions. 

3.2 The S components of the gravitino KSE 

Substituting the Killing spinor e, (3.16), into the gravitino KSE and evaluating the re- 
sulting expression along the directions transverse to the light cone, one finds 

+ (^r,^"^, - A$^ _ Ir A^^^a^^^^^^^ + l^Hu,,,T'^''^ C*v+ = 0, (3.19) 
and 

+ (^ - irf/i,,F - ±X,,,,,,3r^^^^^3^ r^+ + Q^T/^'-Le,,, - ^L,,T^^ C * ^^ = . (3.20) 
Both the above equations are parallel transport equations along S. 

3.3 The dilatino KSE 

It remains to evaluate the dilatino KSE (3.2) on the spinor (3.16). A direct substitution 
reveals that 

- \^^r' + ^He,i,,,T'^''''\+ + ^rC *v+ = 0, (3.21) 

and 

i$,r^ - lHe,e,e.,T'^'''') r+ - ^^C * r+ + h,,r^v+ = • (3.22) 

This concludes the evaluation of the KSEs in the JIB near-horizon geometries and 
their integration along the lightcone directions. 
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3.4 Independent KSEs 

It is well known that the KSEs imply some of the Bianchi identities and field equations. 
Because of this, to find solutions, it is customary to solve the KSEs and then impose 
the remaining field equations and Bianchi identities. However, we shall not do this here 
because of the complexity of solving the KSEs (3.17), (3.18), (3.20), and (3.22) which 
contain the r spinor as expressed in (3.11) and (3.12). Instead, we shall show that all the 
KSEs which contain r are actually implied from those containing only rj, i.e. (3.19) and 
(3.21), and some of the field equations and Bianchi identities. 

3.4.1 The (3.20) condition 

The (3.20) component of KSEs is implied by (3.19) and (3.11) together with a number of 
bosonic field equations and Bianchi identities. To see this, first evaluate the LHS of (3.20) 
by substituting in (3.11) to eliminate r_|_, and use (3.19) to evaluate the supercovariant 
derivatives of rj^ and 0*1]^. Also evaluate 

^R,,P - ip(V,V, - V,vAr]+ = . (3.23) 

This vanishes identically, however a non-trivial identity is obtained by expanding out the 
supercovariant derivative terms again using (3.19). Then, on adding (3.23) to the LHS 
of (3.20), with r+ eliminated in favour of rj^ using (3.11) and (3.19) as mentioned above, 
one obtains, after some calculation, a term proportional to (2.29). 

Therefore, it follows that (3.20) is implied by (3.19) and (3.11) and the bosonic field 
equations and Bianchi identities. We remark that in addition to using (2.29) in estab- 
lishing this identity, we also make use of (2.10), (2.7), (2.11), (2.14), (2.15), (2.19), (2.21) 
and (2.23). 

3.4.2 The (3.22) condition 

Next consider (3.21) and (3.22). On defining 

^1 = ( - \^^r' + ^H,,,,,,T'^'A ^^ + ire * r^+ , (3.24) 



and 



A = ( - \^^^ - ^He.e.ir'''''-'^ ^+ - e.r^C * r+ + h^r^'V-, , (3.25) 

one obtains the following identity 

1 ~ /3? 3 ?■ \ 

A, = --rV,A + ^JA^^ + -hr - -Ye,e,i,T'''''''Ui > (3-26) 

where we have made use of (3.19) in order to evaluate the covariant derivative in the 
above expression. In addition, we also have made use of the field equations and Bianchi 
identities (2.14), (2.15), (2.17), (2.21), (2.23) and (2.25). It follows that these conditions, 
together with (3.21) imply (3.22). 

10 



3.4.3 The (3.17) condition 

To show that (3.17) is also imphed as a consequence of the KSEs (3.19) and (3.21), 
and the field equations and Bianchi identities, contract (3.20) with F* and use (3.11) to 
rewrite the r+ terms in terms of 7]+. Then subtract (^$jP + ^Hi-^e2i^T^^^'^^'^)Ai from the 
resulting expression to obtain (3.17). In order to obtain (3.17) from these expressions, we 
also make use of (2.10), (2.7), (2.11), (2.23), (2.14), (2.21), and (2.27). It follows, from 
section 3.4.1 above, that (3.17) follows from the above mentioned Bianchi identities and 
field equations, together with (3.19) and (3.21). 

3.4.4 The (3.18) condition 

The (3.18) condition is obtained from (3.17) as follows. First act on (3.17) with the Dirac 
operator F*Vj, and use the bosonic field equations and Bianchi identities to eliminate the 
d -kg dh, dL, d-k^L, d -k^ h, dY, d -kg Y, dH and d-k^ H terms, and rewrite d^ in terms of 
L. Then use the algebraic conditions (3.21) and (3.22) to eliminate the ^-terms from the 
resulting expression. The terms involving A then vanish as a consequence of (3.17). 
Next consider the dh-terras; after some calculation, these can be rewritten as 

^dh,,r^r^ - Lh.T'dK^r^^^ + ( - 1<I.,F^ + ±-^H,,,,,,V'^'-'^^)dh,,r'^C * r^+ . 

The dh terms involving 77+ and C * 77+ in the above expression are then eliminated, using 
(3.17). On collating the remaining terms, one finds that those involving A (but not dA) 
are 

-A/ijFV . (3.27) 

It is also straightforward to note that the terms involving L vanish, whereas the terms 
involving X and L can be rewritten as 

—L.^r^C * r+ - ^X,,,,,,,j:'^'-'--^'H+ , (3.28) 

where the anti-self-duality of X has been used to simplify the expression. The remaining 
terms which are linear in r+,C * r+ and quadratic in h,Y,^,^,H,H can be shown to 
vanish after some computation. After performing these calculations, the condition which 
is obtained is (3.18). 

4 Solution of KSEs and geometry of horizons 

4.1 The linear system 

It is straightforward to derive the linear system associated with the (3.19) and (3.21) 
KSEs evaluated on the spinor 

?7+ = pi + gei234 , (4.1) 
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where we have used a local Spin{8) ■ U{1) transformation to arrange such that p, q are 
real functions on S, and as required from the bilinear matching condition take 

p' + g' = 1 . (4.2) 

Substituting this spinor into (3.19) and (3.21), one obtains a linear system which is ex- 
plicitly given in appendix A. This can be used to express some of the fluxes in terms of 
geometry and flnd the conditions on the geometry of the horizon sections S imposed by 
supersymmetry. 

There are three different types of backgrounds which arise naturally in the investigation 
of the solutions of the linear system in appendix A: 

• The generic horizons for which the Killing spinor is chosen such that p^ + q^ = 1, 
]9^ — g^ 7^ 0, and p and q not identically zero at the horizon though they may vanish 
at some points. 

• The Spin{7) horizons for which p^ + g^ = 1 and p = q. 

• The pure SU{4) horizons for which either p = l,q = or p = 0,q = 1. 

Clearly, the generic horizons include both the Spin{7) and pure SU{4) horizons. Typ- 
ically, as the Killing spinor is parallel transported along the horizon section, it will change 
type as the only requirement is that p^ + q^ = 1. The solution of the linear system for 
all three cases is given in appendix A. In what follows, we shall explore the consequences 
which arise on the topology and geometry of horizon sections S from the solution of the 
linear system and hence from the solution of the KSEs. 

4.2 Generic horizons 

4.2.1 Solution of the linear system 

The general solution of the linear system is described in appendix A under the assumption 
that the functions p and q may vanish at isolated points. The main properties of the 
solution are the following. All complex fluxes ^, $ and H can be expressed in terms of 
the real fluxes Y and the geometry Q. Moreover, the solution of the linear system does 
not contain a condition which involves only the spin connection of S. 

4.2.2 Topology and geometry of 5 

The gravitino KSE as reduced to S in (3.19) is a parallel transport equation of sections 
of a A2 (g) S+ bundle over S, where A2 (g) S+ is a Spinc{8) = Spin{8) ■ U{1) bundle and S+ 
is the complexifled spin bundle over S associated with the positive chirality Majorana- 
Weyl representation of Spin{8). The real rank of A2 (g S+ is 16. An application of [24] 
implies that the supercovariant connection as restricted on S given in (3.19) has holonomy 
contained in 5*17(16, M). The existence of a solution to the gravitino KSE requires that 
the holonomy of the supercovariant connection reduces to 5*^(15, M), and so A2 S^ 
must admit a nowhere vanishing section spanned by the parallel spinor. The existence of 
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nowhere vanishing sections typically impose a topological restriction on the spin bundle 
and so on a manifold. However, a priori this may not be the case here as A 2 (8)S+ has rank 
much bigger than the dimension of S and so it always admits such a nowhere vanishing 
section. 

Nevertheless, the existence of a solution to the KSEs requires that the structure group 
of iS reduces form 5*0(8) to a subgroup of f/(4). To see this, recall that S admits a nowhere 
vanishing spinor rj^ = pi + qe^sA which is a section of A2 (g) E+. One can consider the 
bilinears of rj^. There are two kinds of bilinears which can be constructed from ?]+. First 
the bilinears constructed from rj^ and itself with respect to the standard Hermitian inner 
product of Spin{8). These bilinears are forms on S. In addition one can also consider the 
bilinears constructed from rj^ and its complex conjugate 0*1]^. Such bilinears are not 
forms on S. Instead they are forms twisted by A as they carry a ^(1) charge. 

Consider first the bilinears of 77+ = pi + 561234 which are forms on S. We find that a 
basis in the ring of these bilinears is 

CO = -i{p^ + g2)5^^e" A e^ , ^ = pg Re (e^ A e^ A e^ A e^) , (4.3) 

with p^ + q^ = 1. Since u vanishes nowhere, it is an almost Hermitian form on S. In 
addition ip defines a (4,0)-form on S. But as p and q can vanish at some points on S, 
ip is not nowhere vanishing. As a result, the structure group of S reduces from 5*0(8) 
to a subgroup of f/(4) rather than to a subgroup of 5'f/(4). S is an almost Hermitian 
8-dimensional manifold. 

Next, the form bilinears of rj^ = pi + qeusA which are twisted by A are 



P 



= -ipq6^-pe°' Ae^ , r = p^ e^ A e^ A e^ A e^ + g^ e^ A e^ A e^ A e^ . (4.4) 



As a result A ® (A^'''(i5) © A'''"^(iS)) admits a nowhere vanishing section. 

Furthermore, as has been mentioned, the KSEs solved in appendix A do not impose 
any additional geometric restrictions on S. As a result, the horizon sections S are Spin^ 
almost Hermitian 8-dimensional manifolds. The only remaining potential restrictions on S 
are those imposed by the field equations and Bianchi identities which we shall investigate 
in some special cases below. 

So far, we have performed our analysis without distinguishing whether the IIB scalars 
take values in the upper half plane or in the fundamental domain. Now we return to 
address this issue. If the IIB scalars take values in the upper half plane, then the line 
bundle A is topologically trivial as it is the pull back of a trivial bundle over the upper half 
plane with respect to a smooth map. Nevertheless, if the IIB scalars are non-constant^ A 
will be geometrically twisted as it will have non-vanishing curvature. 

In the case that the IIB scalars take values in the fundamental domain, A may not 
be topologically trivial. This arises from the analysis of stringy cosmic string solutions 
in [25] where there are solutions which are smooth and the horizon section of the cosmic 
strings is a 2-sphere, e.g. the configuration of 24 cosmic strings. Of course, our case here 
is more general and S is not a complex manifold. Nevertheless, it is an indication that A 
over S may not be topologically trivial in the fundamental domain case. 



^It is not apparent that there are smooth solutions for which S is compact and the IIB scalars are 
non-trivial. 
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4.3 Spin{7) Horizons 

4.3.1 Solution of the linear system 

The spinor rj^ can be chosen as rj^ = ^(1 + 61234). The solution of the linear system is 

given as in appendix A after setting p = q = 1/v^ in the solution of the generic case. 
Furthermore, the expression for /i can be simplified as 

^ = -U^ + ^Fsa" + ^6/^^^^^n,,,,3 , (4.5) 

which is consistent with our previous results on IIB horizons with only 5-form fiux. 

4.3.2 Topology and geometry of horizon sections 

The analysis of the consequences for the existence of a parallel rj^ spinor on the holonomy 
of the supercovariant connection as reduced on S is similar to the generic case. To find 
whether the structure group of S reduces to a subgroup of 5*0(8), we again compute the 
form bilinears associated with rj^. In this case, there is a single nowhere vanishing 4-form 
bilinear^° 

= — a;Aa; + 4Rex (4.6) 

which is a representative of the fundamental form of Spin{7). Therefore the structure 
group of S reduces to Spin{7), where x = ^^0,^0,20,30,46"^ A 6"^ A e"^ A 6"*. It is known 
that the structure group of an 8-dimensional compact spin manifold reduces from 5*0(8) 
to Spin{7) provided that [26] 

±e - \p2 + \pI = ^^ (4-7) 

where e is the Euler class, and p2 and pi are the second and first Pontryagin classes, re- 
spectively. This condition restricts the topology of S. Furthermore, a direct inspection of 
the solution of the linear system reveals that there are no additional geometric conditions 
on the Spin{7) structure of S. Thus S can be any manifold with a Spin{7) structure. 

4.4 Pure SU{4:) horizons 

4.4.1 Solution of the linear system 

The ?7+ spinor in this case can be chosen as ?7_|_ = 1. The solution of the linear system has 
been given in appendix A. In particular, many components of the complex fields, like H, 
can be expressed in terms of the components of the 5-form and components of the spin 
connection of spacetime. Again, the solution of the linear system in appendix A does not 
yield a condition which restricts the spin connection of S. 



-"^^The almost hermitian form ui and the (4,0)-form x may not be globally defined on S but (f> is. Observe 
that we have normalized x differently in [19]. 
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4.4.2 Topology and geometry of horizon sections 

A similar analysis to that presented for the generic case reveals that the structure group of 
S reduces to a subgroup of t/(4). In this case, it is instructive to also consider the mixed 
bilinears of 7]+ with 77+ = C*?7+ = 61234 in (4.4). In addition to the almost hermitian form 
u which arises as a bilinear of 77+, as in (4.3), there is a A-twisted (4,0)-form bilinear given 
locally by r for p = 1, g = 0. Therefore the line bundle A A*^'° on S admits a nowhere 
vanishing section, and so it is topologically trivial. Thus A can be identified with the 
anti-canonical bundle of S. Furthermore, the solution of the linear system in appendix A 
does not reveal any additional geometric constraints on S. As a result, S is any almost 
Hermitian spiuc manifold. 

Next let us turn to examine the upper half plane and fundamental domain cases. As in 
the generic class, if the IIB scalars take values in the upper half plane, A is topologically 
trivial. The structure group of S then reduces to a subgroup of SU{4). However, A 
can be geometrically non-trivial as its curvature may not vanish provided that the IIB 
scalars are non-trivial functions^^. On the other hand, if the IIB scalars take values in the 
fundamental domain, as has been explained in the generic case, A may not be topologically 
trivial on S. 



5 Special cases 

5.1 Horizons with only 5-forni flux 

It is well known that IIB supergravity has two consistent truncations. One truncation 
leads to a sector with only 5-form fiuxes active, while for the other truncation the 5-form 
field strength vanishes and both the 3-form and 1-form field strengths are real. The latter 
is the common sector. In both cases, the near-horizon geometries are compatible with 
both these truncations. It is straightforward to see this in the 5-form sector. The near- 
horizon geometries with only 5-form fiuxes can be recovered from the general IIB horizons 
that we have investigated by setting 

P = G = 0. (5.1) 

Conversely, the 5-form horizons investigated in [20] can be embedded into general IIB 
horizons exhibiting only non- vanishing 5-form fiuxes. As a result, all the examples of IIB 
horizons constructed in [20] can be embedded into the general IIB horizons. 

5.2 Common sector horizons 

The embedding of the common sector horizons into general IIB horizons is not as straight- 
forward as that described in the previous section for horizons with only 5-form fiuxes. To 
describe the embedding of common sector horizons, let us recall how the common sector 
is obtained from the general IIB theory. For this set F = 0, and as has already been men- 
tioned, choose both P and G to be real. Observe that Q = 0, and the Bianchi identities 



^^It is not apparent that there exist smooth solutions with S compact and non-trivial scalars. 
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of IIB supergravity can be solved after setting 

P = ^d(f) , G = -e~^'t"H , (5.2) 

provided that dTi = 0. These field definitions yield the common sector in the string frame 
provided that in addition we relate the IIB metric, dsfi-^, with the common sector metric, 

rf^B = e-5<^rf4s , (5-3) 

and identify and "H with the dilaton and the NS-NS 3-form field strength, respectively. 
Furthermore, the KSEs of the common sector are obtained from those of IIB provided 
that the IIB supersymmetry parameter is related to that of the common sector as 

ecs = e^'^eiiB . (5.4) 

In particular, we find that the KSEs of the common sector are 

(r^9M0 T ^r^^^^M^/?)e^s = 0, (5-5) 

where V^ = V ± ^Ti, V the Levi-Civita connection of the common sector metric, and 
C *e^g = ie^g. 

It remains to show how the common sector near-horizons are embedded into general 
IIB horizons. For this, one has to demonstrate that after making the field redefinitions 
(5.2) and (5.3), one can adapt a coordinate system such that the common sector near- 
horizon fields give rise to IIB near-horizon fields. Indeed consider first the metric. If 
the common sector metric is in near-horizon form, the IIB metric can also be put in 
near-horizon form provided that we make a coordinate transformation 



1 , 



niB = e 2<Prcs , (5.6) 

the 1-form hcs is replaced with Hub = hcs + jdcp, and the metric of the horizon section 
S is conformally scaled as gim = e~2^g^g. 

Next turn to the 3-form field strength. Suppose that "H is in a near-horizon form. G 
in (5.2) can also be put into a near-horizon form as well since the conformal factor in 
the definition of G is absorbed in the coordinate transformation for r in (5.6) and the 
redefinition of h. One also has to re-scale H as Hub = e ^''^iJ^g. Observe now that Hcs 
is closed as expected. To make connection with our results for heterotic horizons, one can 
compensate the overall sign in the definition of "H by changing the sign of L, $ and H. 

A consequence of our analysis above is that we can embed all the near-horizon geome- 
tries we have found in heterotic theory into IIB. We remark that all the horizons we had 
investigated in [18] have dTi = and so they can be thought as solutions of the common 
sector as well. In this way, all the explicit heterotic near-horizon geometries found in 
[18] can be utilized to give explicit examples of IIB horizons. Note also that all the IIB 
horizons with non-trivial fiuxes that arise from the embedding of heterotic horizons in IIB 
preserve more than two supersymmetries and admit additional isometries. 
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6 Pure SU(4:) horizons with constant scalars 



4 



H ' = (^Rcx — 0uj) ■ X ^ HaXi\2 = 7^-^ViU2Ci^''^''\i^2 ~ 2(5a[Ai'^A2] ? h = O^ex 



6.1 Solution to the linear system 

A special class of horizons are those for which the JIB scalars are constant. In this case, 
there is a significant simplification of the solution to the linear system because P = Q = 0. 
The solution to the KSEs given in appendix A simplifies somewhat. In particular, one 
finds that the fluxes of pure SU{4) horizons with constant scalars can be expressed"*^^ as 

Y = \{duj - Onex A w) + Im<l> ■ Rex , w ■ H^'^ = H^'^ = $°'i = , 

1 

2" 

(6.1) 

where 6^^ and ^rc^ are the Lee forms^^ of the almost Hermitian form u and the (4,0) form 
X = |[eaia2a3a4^"^ ^ e"^ A e"^ A c"-* of the SU{4:) structure, respectively, and 

is the Nijenhuis tensor of the almost complex structure /. The fluxes $^'° and the traceless 
part of H^'^ are not restricted by the KSEs. 

6.2 Topology and geometry of horizons 

As the scalars are constant, the line bundle A is trivial. As a consequence, the bilinears 
of both rjj^ and fj^ = 61234 are forms on S and in particular x is a nowhere vanishing 
(4,0)-form on S. Thus the structure group of S reduces to a subgroup of S'f/(4). 

As in the Spin{7) case, there are topological obstructions to reduce the structure group 
of S from 5*0(8) to SU{4). Since Spin{7) and SU{4) have the same maximal torus^^ the 
obstruction (4.7) is also an obstruction in the SU{4) case. In particular using the relation 
between the Pontryagin and Chern classes Pi = cf — 2c2 and P2 = C2 — 2ciC3 + 2c4 on 
almost complex manifolds, see e.g. [27], and the identification of the Euler class e = C4, 
(4.7) is satisfied provided Ci = which vanishes as a consequence of SU{4) structure. The 
orientation induced by the almost complex structure leads to the choice of the plus sign 
in (4.7). There may be additional obstructions to reduce the structure group from S0{8) 
to SU{A) which take values in cohomology with Z^ coefficients. 

The solution of the linear system does not impose any additional conditions on the 
geometry of S. Therefore S is an almost Hermitian manifold with an SU{4) structure. 

6.3 Magnetic 3-form flux deformations 

6.3.1 Complex deformation of horizons with 5-form fluxes 

A class of horizons with 3-form flux can be constructed as a deformation of horizons with 
5-form fluxes. Recall that the horizons with only 5-form fluxes are 2-SCYT manifolds. 



^li V is i?- vector and a a k-form, then (w • a] 



ii...ik-e ~ ^ "ji-.-jf^i-.-ifc-f ■ 



"We define (^„), - -P^V^Wfcj and (0Rex)^ = lRex^'''''V''Rexknj2j3- 
^'^We thank Simon Salamon for discussions on this. 
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The deformation we shall investigate here lifts the 2-strong condition but the horizon 
remains a complex manifold. For this, we take^^ 

In this case, the conditions stated in appendix A imply that iS is a Hermitian manifold 
and in addition 

Y = -^{duJ-uJ^^^) , co-H''' = 0, 9^ = 9Kex, h = 9^ , (6.4) 

where 9^^ and ^^ex ^^^ the Lee forms of the Hermitian form u and Rex is the real part of 
the (4,0)-form x- Observe that the traceless part of if ^'^ is not restricted by the KSEs. 
Since iS is a Hermitian manifold with an SU{4) structure, the condition 9i^ = ^Rex implies 
that S admits a connection V = V + ^H with skew-symmetric torsion H which has 
holonomy SU{A), i.e. hol(V) C SU{A), where H is uniquely determined in terms of the 
metric g and complex structure / of the horizon section as H = —ijdu. Thus S admits a 
CYT structure. 

It remains to solve the field equations and Bianchi identities. One can show after a 
long but straightforward calculation that all these are satisfied provided that 

d{uj A H) = -H A H , dH = , h^H^a^ + 2iHa^^^^Yf'^^ = . (6.5) 

The first condition is a generalization of the 2-strong condition found in [20] for horizons 
with only 5-form fluxes. In particular, the 3-form flux appears as a source term in the rhs 
of the 2-strong condition. Observe also that the last condition together with u ■ H^'^ = 
imply that H -Y = and so H and Y must be orthogonal. 

6.3.2 Examples 

To construct examples, one begins with an 8-dimensional CYT manifold and then imposes 
the conditions (6.5). Examples of CYT manifolds can be constructed as toric fibrations 
over Kahler manifolds [28, 29, 30]. This construction has been generalized in [20] and 
adapted to solve the 2-SCYT condition of IIB horizons with only 5-form fluxes. Here we 
shall use the analysis of [20] to find geometries that solve (6.5). 

First consider iS as a T^ fibration over a 6-dimensional Kahler manifold X^ with Kahler 
form a;(6). Let (A^, A^) be a principal bundle connection on S. In order for S to admit an 
SU{4) structure compatible with a connection with skew-symmetric torsion, the curvature 
J-"^ = dX^ must be identified with the Ricci form of X®, i.e. 

P(6) = -J^^ , (6-6) 

and J-"^ = dX^ must be (1,1) and traceless. In the latter case, such connections always 
exist on complex line bundles. The metric and Hermitian form on S is chosen as 

ds' = lliX'f + {X'f] + ds\X') , u^s) = ~lx' AX' + a;(6) , (6.7) 



^^Note that since $ = it follows from (A. 17), using (A. 16), that r+ = and therefore the Killing 
spinor in this case is just e = ry_|_ , which is a considerable simplification. 
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where J-'ljUlL = k and k is required to be constant^^. 

This choice of Hermitian structure specifies both H and Y. It remain to choose H. 
For this write 

H = fAa + l3, T = ^\^ + i\'^), (6.8) 

v2 

where a and /3 are complex (1,1)- and (l,2)-forms on X^. The requirement that H is 
traceless imphes that 

W(6) ■ a = a;(6) ■ /3 = . (6.9) 

Furthermore dH = imphes that 

da = , df3 + -^a A [J^^ - iT^] = . (6.10) 

v2 



Next the first equation in (6.5) is solved provided 

aAa = 0, aA/3 = 0, W(6) A [(J^i)^ + (J^^)^] = ^/3 A /3 . (6.11) 

The simplest case is to take a = 0. Then since ^^ = — A^ and 



ik 
T 



Y = \{X^AT^-X^AT^) + h^Aujfe) (6.12) 

2k 4 

the last condition in (6.5) is also satisfied. 

Therefore to find examples of near- horizon geometries, one must find a Kahler manifold 
X^ with positive constant scalar curvature that admits a traceless (1,2) closed form /3 that 
satisfies the last equation in (6.11). 

To find solutions, one possibility is to take X^ to either be a Kahler-Einstein manifold 
or products of Kahler-Einstein manifolds. For example, one can take X^ = S'^ x S'^ x T^. 
Normalizing the metric of S'^'s such that J-'^ = u^ + u"^ where u^ and w^ are the Kahler 
forms on the S'^'s, k = 4, and choosing 

W(6) = ~dip^ A dip^ + w"*" + cu^ , H = m{dip^ — idip^) A {oj^ — u"^) , 
jr2 = £{u^ -u"^) , £eZ , (6.13) 

all equations are solved provided that 2\m\^ = (? — !, where ip^ and ip'^ are the angular 
coordinates of T^ in X^. This generalizes the examples of 2-SCYT near-horizon geometries 
with only 5- form fiux in [20]. 



^^Since X^ is Kahler, observe that k is constant provided F^ is co-closed. Equivalently X^ has positive 
constant scalar curvature. 
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7 Concluding remarks 

We have solved the KSEs for all IIB horizons that admit at least one supersymmetry. 
This has been done by first integrating the KSEs along the lightcone directions and 
then identifying the independent equations using the Bianchi identities, field equations 
and bilinear matching condition. Then the independent KSEs are solved using spinorial 
geometry which leads to three different cases, the generic horizons, the Spin{7) horizons 
and the pure SU{4) horizons. We have found that the requirement of IIB horizons to 
admit one supersymmetry puts rather weak geometric restrictions on the horizon sections 
S. In particular for generic horizons and pure SU{4) horizons, the horizon sections can 
be any 8-dimensional almost Hermitian spiuc manifold. A similar result also applies for 
Spin{7) horizons. We have also described some topological aspects of the horizon sections 
and how the various fiuxes are expressed in terms of the geometry. 

We have also explained how horizons with only 5-form fiuxes and common sector 
horizons, which had been investigated previously, are included in our analysis. As a 
result all the examples constructed in these two special cases can be embedded in the full 
IIB theory. Furthermore, we give some examples for which, in addition to the KSEs, we 
also solve the field equations and Bianchi identities. In particular, we focus on horizons 
with constant scalars which have complex horizon sections, and we find a generalization 
of the 2-SCYT structure which had appeared for horizons with 5-form fiuxes only. 

The construction of examples with non-trivial scalars taking values on the upper half- 
plane after a SL{2, M) identification is natural within the context of 10-dimensional type 
of F-theory [31]. In particular, one may consider T^-fibrations over S. However there 
are some differences. As we have mentioned, S are almost complex manifolds instead 
of Kahler, which mostly arise in the context of F-theory. In addition, the example of 
horizons with constant scalars that we have explicitly constructed indicates that S is not 
Kahler because of the presence of form fluxes. Nevertheless in the complex case, it may be 
possible to construct examples imitating techniques that have been employed in F-theory. 

In most of our considerations, like the solution of the KSEs and the description of the 
geometry of the horizon sections, we have not used the compactness of S. So our results 
apply to both black holes and brane horizons. For applications to black holes, it would 
be of interest to enforce compactness of S. This has been done for M-horizons in [32], 
and after an application of the index theorem for the Dirac operator, it has led to the 
conclusion that all M-horizons preserve an even number of supersymmetries and admit an 
5l(2,M) symmetry. A similar application may be possible in IIB. However, there are some 
differences between M-theory and IIB. One of them is that unlike the M-horizon sections 
which are odd dimensional, the IIB near-horizon sections are even dimensional and so the 
index of the Dirac operator is not expected to vanish. As the vanishing of the Dirac index 
has been instrumental in proving supersymmetry enhancement for M-horizons, a similar 
application in IIB will require some modiflcation. Nevertheless, it is expected that even 
if one cannot prove supersymmetry enhancement for IIB black hole horizons, it may be 
possible to relate the number of supersymmetries preserved in terms of the index of a 
Dirac operator on the horizon sections. Such a relation will generalize the classic formula 
A^ = mdex{D) which relates the number of parallel spinors A^ on irreducible holonomy 
Spin{7), SU{A) and Sp{2) 8-dimensional manifolds, for A^ = 1,2 and 3 respectively, to 
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the index of the Dirac operator. In turn such a formula will provide a topological criterion 
for 8-dimensional manifolds to admit Killing spinors. 
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Appendix A Solution of the linear system 

A.l The linear system 

It is straightforward to derive the linear system associated with the KSE (3.19) evaluated 
on the spinor r]^ = pi + gei234, where p, q are real functions on S and p^ -\- q^ = 1. 
Substituting this spinor into (3.19), one obtains, 

daP + P{- '-K - \ha + \^a,/ " ^V^/) + ^(^^a/ " \^a) = , (A.l) 

1 111 

daq + q{- \K - \k - l^c.,,' + ^i^A.A^Aa^'^'^'^") 

+p{ - iif,/ - '-Y-^^-^^-^./-~^-~^\ - U^) = , (A.3) 

daP + p{- '-Aa - \ha + ^fi^,/ + ^^A.A^Aae'^^^^'^'a) 

/'_r)___ _ TT ^AiA2 _ _ J _^A__ TJ Ml _^A__ _ (5 N 

i^Vo "'MiM2 o-"aAiA2t A'iM2 ~r i ^^ ^ a/^1/12-'^ A/i "T t a/ii/^2^A^ 

1 i 1 i 

'Q\ ~ T"a,AiA2^ p,ip.2 ' 7^^0X1X2^ p,ip,2 + '^^afiip,2 ~ ^^ ap,ifl2^Xfi j = U , (A.OJ 

daq + q{- ^Aa - ^ha - ^^a,/ + ^Fa/) + p{ - ^H^/ - l^a) = . (A.6) 



Similarly, the linear system associated with (3.21) is 
1 1 1 

-i^f^a -'-'717273 ^y-'-'a7 ^ 



pe^^'^'^'^H^,^,^, - -qH^^^ - -g<l>, + p^ = , (A.7) 
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-|<-,y'=a -'-'717273 T^ ^Z^-'-' "7 A 



^,_717273^^^^^^^ + -pH^^^ - -p<^^ + q^a = 0. (A.8) 



The above system can be solved to express some of the fluxes in terms of the geometry, 
and find the conditions on the geometry imposed by supersymmetry. In the analysis of 
the solutions, it is convenient to consider three different cases as described in section 4.1. 

A. 2 Solution of the linear system 

A. 2.1 Generic Horizons 

The solution of the linear system can be arranged in different ways. The procedure which 
we adopt here is to solve first for the complex field strengths and express them in terms 
of the real fields and functions p, q, and then use the remaining equations to find the 
expression of the real fields in terms of the geometry, and to determine the conditions 
on the geometry. We shall demonstrate that, although the KSEs determine the complex 
fields in terms of the real fields and geometry, the real fields remain undetermined. 

To solve the linear system, first recall that in the generic case p^—q^ 7^ and p^+q^ = 1, 
and let us assume that in some open set p,q ^ 0. If either p, q vanish in an open set then 
the linear system will be solved as a special case. Next we take the trace of (A. 2), and 
after a re- arrangement, that of (A. 5) to find 



q{ - n-,'^ + tY^,' - ^e.^^^^^«i^A,A.Aj +P{- l^a^'~^'~^'^Wx2-Xs + iHaX^ - l^c) = 



(A.9) 



o Z 00 

(A.IO) 

respectively. 

Next consider the equations (A. 3) and (A. 7), and (A. 4) and (A.8) and solve them to 
express the components of the 3-form field strength H in terms of the rest of the fields 
yielding 

^^^a' = -^"^^ + f^" + Pdaq - pq[\K + \k + \^a,x^] + ^p'e^'^'^'^^iA.As , 

^e«^^^^^^/7^^^,^3 = -|-a + qd^q - q^[^K + \k + \^a,x''] + ^gpe^'^'^'^^a.As , 

(A.ll) 



2 .« .-«.- r-.L 2 " 4 2 ' ' 3 

^e^^^^^^^i/A,A,A3 = -^^o.+pdaP + P^[-'^Aa ' \ha + ^^..A^] + \qpea^''''^''Yx,x,x, ■ 

(A.12) 
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It remains to solve the trace conditions (A. 9) and (A. 10) and (A.l) and (A. 6) of the hnear 
system in terms of and ^. After some straightforward computation, one finds that 

+pq{l + 2q')'-eJ^~'^~'-^Y,^,^,.^ + f e«^^^^^«%,A,A3 , 
pg$« = d^p^-i2+p'')[tA^ + h^] + {-2 + 5p^)n^,x^ + 2t{2-p^)Y^^^ + 2p^n^^\ 
+2ipqes.^'^'^''Yx,x,x, + pqes^^'^'^mx^x.x, , 
p\% = p''d^p''-il + 2p^)['-A^ + h^] + ^i2p^ + 2p^-l)n^/ + tY^x^ + p^n,,^^ 

+pq{l + 2p^)'-e^^-^''^'^Yx,x,x, + ye^'^'^'^^A^.A^Aa • (A.13) 

Clearly, we can substitute the $'s and the ^'s into (A. 11) and (A. 12) to express the traces 
and (3,0) and (0,3) part of H in terms of the the Y fluxes and the geometry. However, 
we shall not do this here as for our conclusions this is not utilized. 

Next using the expressions in (A. 11) and (A. 12), one can determine the (2,1) and (1,2) 
components of H as 

77 1 79 - - 

-'^^[m [d,2]q - g(^A^,] + -h,,] + -n^2u) + '-pe^2]^'~^'~^'yM-X2h] ' 

-'^«[Mi [dfi2]P + p{ - ^A^,] - -hf,,] + -f^^,],A^) + |e^.]^^^^^^n,A,A3] • 

(A.14) 

Note that the expression for h in (3.10) is not independent, and so if one substitutes the 
solution for the fluxes given above, one gets identically zero. Conversely, any one of the 
solutions above can be used to express h in terms of the fluxes and geometry. 

Furthermore, one can use the solution of the linear system to determine n in (3.13) in 
terms of the Y fluxes and geometry as 

i 1 1 

V2pqfi^ = --Aa + ^{p^-q^)ha + -{p^-q^)^a,x^ + iYax^ 

+jPqea''''''Y^,X2X, ■ (A.15) 

Observe that the spin connection Q of the horizon sections S, which is given by fij/fc = 
r^j/fc, is not restricted. This indicates that there are no additional restrictions on the 
topology and geometry of S apart from those required for the global existence of certain 
forms which we describe in section 4.2. This concludes the solution of the KSEs for the 
generic case. 
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The solution of the hnear system for Spin{7) horizons can be derived from that of the 
generic case after setting p = q = l/\/2. This is straightforward to implement and we 
shall not carry out the substitution here. 

A. 2. 2 Pure SU{4) horizons 

For pure SU{4) horizons, one has either p = l,q = or p = 0,q = 1. The two cases are 
symmetric and without loss of generality, we choose p = l,q = 0. A direct computation 
reveals that the solution can be written as 



- - - 2i - - - 

(T) _ £ AiA2A3Q_ _ _ _|_ , AiA2A3-i/-_ _ _ 

^a — —^a ^^Ai,A2A3 "T IT^a -'^AiA2A3 ; 

f7 ,^ _ ^ AiA2A3Q_ _ _ _i_ n- AiA2A3y_ _ _ 
J^aX — Ga \Lxi,X2X3 ~r "^^^a -'^AiA2A3 

_^_XiX2XsTT ^ _Q A jY-^^ 

O 
1 1 _ _ 2? 

r)''^aXiX2 r)^ 'a, 1^1 2^2*^ A1A2 o "a[AlfcA2] J- UiU2'^3 ' 

2i 11 

■^^aAiA2 + W^a[XiYx2]fi^ + ^^aMh ~ o '^a[Ai^|Ml,^A2] = 5 



— -^(5 + o^A, a — :rYaX — , 

iAa + ha- na,x^ -nx,\ = . (A. 16) 



Moreover, one finds that 



V^/ia = ^ea^^^^^^^fiAi,A2A3 + ^^a''''"'^'Yx,X2Xs ■ (A. 17) 

Again notice that there is no condition which involves only the spin connection ^2 of the 
horizon section S. This indicates that there are no additional conditions on the topology 
and geometry of the horizon sections apart from those required for the global existence 
of certain forms which we describe in section 4.4. 

A. 3 Spinor conventions 

For our spinor conventions, we use those of [19] . In addition to integrate the KSEs along 
the lightcone directions, we have decomposed the Spin{9, 1) spinors ip into positive and 
negative parts as 

^ = ^++^_, r±^± = 0, (A.18) 

which is a lightcone, or equivalently S'pm(l,l), chiral decomposition. Furthermore, we 
have found the following identities useful 

r,,...,„t^± = ±(-l)[fl^-^e,,...,„^-^-"r,,...,,_t^±, n>4, (A.19) 
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where ip is a positive chirality Spin{9, 1) spinor. While, one has 

r.,....„^± = T(-l)f^l^^^e,,...,„^-^-"r,,..,3_^±, n>4, (A.20) 

provided that -^ is a negative chirahty Spin{9, 1) spinor. 
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